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ABSTRACT: We discuss theoretically the influence of confinement on diffusion-reaction processes in polymer
chains by combining analytical and simulation techniques. This is relevant to intrachain chemical reactions in
finely divided media like microemulsions, for temperature-driven collapse of soluble/insoluble copolymers, and
for early stages of protein folding where some confinement is achieved by molecular chaperones. It is shown that
confinement can accelerate the processes in several ways: (i) by cutting long internal relaxation modes, (ii) by
suppressing late stage energy barriers, and (iii) by increasing the initial concentration of reacting sites. Under
certain conditions the reaction rates are found to go through a maximum for some intermediate confinement.
This is a consequence of the interplay between effects i-iii mentioned above and the screening of hydrodynamic
interactions that slows down the reactions.

I. Introduction

Polymeric systems display a variety of interesting irreversible
phenomena. In many chemical processes involving polymers,
existing chains are driven to react with each other, and specific
groups in the polymer sequence can react with foreign oligo-
meric groups or groups belonging to the same or similar chains.
The technological importance of such reactions is considerable.
Temperature-driven aggregation of strong specific sticking
groups localized along the chain; pairing of amino acids in early
stage of protein folding also bear some analogy with it.

Generally speaking, the kinetics of irreversible processes (all
the cited processes are at least in some early stages ap-
proximately irreversible) is dominated either by diffusion of
reactants (usually for fast reactions after contact) or by equi-
librium statistics if many contacts are needed on average per
effective reaction. In both these situations connectivity in
polymer chains plays an important role.1,2 It was noticed rather
early that connectivity entails anomalous diffusion of a given
monomer exploring the coil volume.3 In contrast to free
reactants, the short time exploration by a monomer is dense or
at least marginally dense in three dimensions. Equilibrium
contact statistics is also influenced by connectivity, bringing
two monomers of the same or different chains in close vicinity
requires on average more contacts between connected mono-
mers. This brings into play the probabilities for formation of
higher order vertexes,4,5 reflected, for example, by des Cloizeaux
contact exponents6 (see Appendix A for more details).

It is often difficult to favorintrachainreaction overinterchain
reaction without going to high dilution or to synthesize a very
long polymer chain rather than initiating many shorter ones.
Recently, it was recognized that finely divided reaction media
may offer an elegant way out of these difficulties. When
polymerization is conducted in microemulsion rather than in
open solution, a single propagation reaction may link (almost)
all the monomeric material of one microdropplet into a single

very long chain.7 Similarly, cyclization reactions in microemul-
sions could be interesting to avoid chain extension reactions.
In the same way it should be easy to get single chain aggregates
of hydrophobic/polar (H/P) heteropolymers upon collapse if each
chain is located in its own microcompartment. More generally,
confinement of a polymer chain in any type of box is expected
to have a large influence on internal reactions.

We use theoretical arguments to explore the effect of
confinement on intramolecular reaction kinetics for generic
polymers. There is a trivial concentration effect as the reacting
groups are on average closer to each other in the box. Beyond
this, when a polymer chain is confined, screening of the
hydrodynamic interactions introduces freely draining Rouse
dynamics on large scales. The large-scale internal exploration
is thus compact rather than marginally compact. The box itself
cuts off all internal modes of wavelength larger than the box
size. Finally, whenever clusters are to be formed, as in intrachain
micellization, high excluded volume barriers are expected in
intermediate or late stages. This is expected in H/P copolymer
collapse including protein folding. Confinement reduces these
excluded volume barriers and eventually suppresses them. In a
somewhat similar way molecular chaperones may confine
proteins during folding. Recent simulations have set out8,9 to
clarify this point.

In the next section, we will revisit internal cyclization
which has previously been investigated by Friedman and
O’Shaughnessy.10,11We consider two reacting groups separated
by a spacer of lengths localized in the middle of a long chain
in confined media (Figure 1). In section 2.1 we will analytically
consider in some details of an ideal chain in a soft box where
every monomer is driven toward the origin by a harmonic
potential. We will discuss the influence of confinement on the
fluctuation of the distance between stickers. These rather detailed
studies build a sound basis for semiqualitative arguments in the
more relevant case of excluded volume chains. Internal cycliza-
tion of excluded volume chain is discussed in section 2.2, and
the more general case of many reacting groups is developed in
section 3. There, the role of excluded volume barriers in late
aggregation is discussed on the basis of standard vertex
exponents.4,6 We also use direct simulation to capture various
qualitative aspects of our theoretical picture.
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II. Cyclization under Confinement

The special case where a chain only carries two reacting
groups separated by a spacer is considered below. The corre-
sponding reaction we call internal cyclization. In contrast to
ordinary cyclization involving reacting chain ends, internal
cyclization can be seen as the first step toward any higher order
intrachain association.

Consider two internal labeled groups a distancesapart along
a swollen polymer chain (these will later be considered as the
sticking groups). Because of ergodicity, long time temporal and
spatial conformation sampling are equivalent. After a few
relaxation times of the spacer (of lengths) ts, all spacer
conformations have been visited according to their statistical
weight. Configurations at contact have statistical weights-3ν-νθ2

with θ2 the des Cloizeaux internal contact exponent6 andν the
Flory swelling exponent (see Appendix A). In the long time
limit, the time spent at contact after a total timet is thusts-3ν-νθ2.
The separation process of the labeled groups after contact is
deterministic, driven by excluded volume interactions, as soon
as the mutual distance is larger than the monomer size
(corresponding to a decrease of energy larger thankBT). Returns
at contact typically only occur after spacer relaxation, and in
contrast to the ideal chain case, large correlated return loops
after contact are not possible (independently of the chain
dynamics). Accordingly, the first passage time for stickers at
contact is given bytr ∼ τ0s3ν+νθ2 with τ0 a monomeric diffusion
time.12,13This holds providedtr > ts. The relaxation of the first

passage probability density is exponential fort > ts. The first
passage timetr also gives the reaction time between stickers
for fast reaction at contact. We now assume that the relevant
relaxation timets of the spacer is independent of the total chain
length as will be shown later for ideal phantom chains. In Zimm
dynamics where hydrodynamic interactions are accounted for
ts ∼ s3ντ0, ensuringtr > ts as required for consistency. Hence,
the reaction time is inversely proportional to the Boltzmann
weight of configurations at contacts-3ν-νθ2. This result is
reminiscent of reaction controlled kinetics. The contact exponent
θ2 reflects the excluded volume barrier against sticker contact
W/kBT ∼ sνθ2. The resulttr ∼ s3ν+νθ2 is also consistent with those
for the Kramers problem where one labeled monomer moves
against an external potential, a point of view we will adopt later.

A. Ideal Chain Confined in a Harmonic Box. It is
instructive to consider the ideal chain case that accounts for
the main effects of connectivity without introducing any other
interaction. Furthermore, when the chain is confined in a volume
qualitatively smaller than its unperturbed size, excluded volume
interactions are essentially screened and the ideal chain model
is of some relevance. Similar screening applies to hydrodynamic
interactions, and a coarse-grained Rouse model neglecting long-
ranged interactions mediated by the solvent is appropriate.

We further specialize to a harmonic box where any monomer
is attracted toward the origin by the potentialU ) - kBT(K/
2b2)r2, whereb is a monomer size. This can be seen as asoft
box. Minimizing the free energyF ∼ NU(R) + kBTNb2/R2 of

Figure 1. Schematic of a chain with two stickers before and after confinement. Kinetic regimes for long (upper left), intermediate (upper middle),
and short (upper right) spacers. Each panel shows regimes of weak (large cavity), intermediate, and strong (small cavity) confinement. The cavity
sizeR dependence of reaction timestr in various regimes are summarized in the lower panel on a log-log scale. All kinetic regimes (a-e) are
identified in the lines with different slopes.
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an ideal chain in the potential fixes the geometrical chain size
R ∼ bK-1/4 in a confining potential (K > N-2). This size is
independent of the chain lengthN and can be understood as
the size of the soft box. In the free draining limit, the dynamics
are governed by the Rouse equation:14

The first term stands for the force exerted by the solvent on
monomern at positionrn with ú the friction, the second for the
entropic spring forces exerted on monomern, and the third for
the force exerted by the external harmonic potential withk )
3. The last term is the Gaussian random force with zero mean
〈fn〉 ) 0 and delta function correlations,〈fn(t)fm(t′)〉 ) 2úkBTδ-
(m - n)δ(t - t′). As the Rouse equation (1) is linear, solutions
can be expanded in eigenmodes in terms of Fourier transformed
variablesXp, rn ) 2∑p)1

∞ exp(-t/τp)Xp cos(pπn/N) + X0. The
dispersion relation is altered by the harmonic external potential

where we measure time in the unit of monomer self-diffusion
time b2ú/kBT. The dynamics are faster as compared to the free
chain (K ) 0). In particular, the center of mass is drifting toward
the center of the potential andτp)0 ) tK ) K-1 is finite.
Generally speaking, this acceleration is most pronounced for
the long modes (smallp). In particular, the relaxation of modes
longer than the box size (kp2π2/N , K) is controlled by the
box and is close totK.

It is worthwhile considering dynamics in the absence of any
irreversible reaction. Under the hypothesis of Gaussian noise,
any monomer position or relative position obeys Gaussian
statistics. Averages and fluctuations thus completely determine
the probability distributions of these random variables. The
Rouse equation (1) may be solved for the average configuration
〈rn(t)〉 corresponding to a given initial configurationrn(0). It is
most instructive to solve for acentral monomer, thereby
neglecting finite size effects. The average position of a given
monomer depends on the initial position of all monomers
through

where the kernelKer (x,t) ) (1/x4πkt) exp[-x2/4kt] exp(-Kt)
has a finite radius. Qualitatively, the monomer is drifting toward
the initial center of mass of the chain segment (n - n′)2 < 4kt
where the information has diffused after timet. At larger times
t g tK the general drift toward the center of the potential
becomes effective. For a given initial configuration, two
monomers separated by a contour lengths smaller than 1/xK
thus experience independent drifts at times (much) smaller than
the relaxation time of sections.

From eq 1 we obtain fluctuations around the average. As we
are merely interested in the internal distances, we will explicitly
consider the end-to-end vector distribution of an internal section
of contour lengths. We take the limit of infinitely long chain
where the end effects are negligible. The fluctuation of one
component (here thex component ofrn+s - rn, σs ) (x - 〈x〉)2)
reads

where ts ) s2/4k is the characteristic relaxation time of the
studied chain section andtbox ) 2/K ∼ R4 is the characteristic
time of a section spanning the box. Equation 4 deserves several
comments: (1) As expected, the fluctuation around the average
does not depend on the initial configuration. (2) In the long
time limit, the fluctuationσs saturates

For a confined chain section the fluctuation saturates at the box
size ∼b2/xK, while for an unconfined chain section the
fluctuation saturates at the Gaussian fluctuation∼b2s. The
saturation is slow, (σs(eq) - σs)/σs(eq) ∝ xts/t, for an uncon-
fined chain section; it is nonetheless almost completed for a
few ts.15 (3) In early stages,t < min(ts, tbox), the growth of the
fluctuations is governed by anomalous diffusion and

Next we discuss the reaction time for two monomers located
a contour lengths apart along a very long chain. If the spacer
is not confined, the fluctuation saturates after a few spacer Rouse
timests. For the ideal chain there is no barrier against contact,
and the first passage time at contact is hence of orderts. The
modes longer thans only manifest in the nonexponential
relaxation of the fluctuation (at scalets). This obviously also
holds in the free chain case and justifies the neglect of long
modes in the previous subsection.16 If the reaction is limited
by the reaction rate at contactQ, the reaction time istr ∼ s3/2τ0/
Q where 3-dimensional Gaussian statistics is assumed. The
crossover between the diffusion-limited and reaction controlled
regimes hence occurs forQxsτ0 ∼ 1. For a confined spacer
the typical distance between stickers is the box size. The
fluctuation of the sticker separation saturates at the box size
after the Rouse time of a polymer strand spanning the box,tbox.
The reaction time is thustr ∼ tbox ∼ (R/b)4τ0. For slow rate at
contact (smallQ) tr ∼ (R/b)3/Q, and the crossover is located at
Qτ0R/b ∼ 1.

B. Confined Excluded Volume Chain.In the following, we
stick to more general qualitative arguments supported by the
internal cyclization in a harmonic box model just discussed in
order to take into account excluded volume correlations and
hydrodynamics for binding kinetics under confinement. In a
recent note, we showed that the interplay between excluded
volume correlations and hydrodynamic interactions can produce
an optimal confinement where the binding is fastest.18 In the
following we briefly review these results. The interested reader
will find more details in ref 18. The blob size separates
hydrodynamics and Rouse dynamics. By crowding polymer
segments with confinement, a swollen chain turns to a series
of blobs. The reaction kinetics is described based on the blob
reactions with the coarse-grained blob reaction rate.

We consider a long isolated chain swollen in good solvent
with two binding groups a distancesapart in its middle (Figure
1). For binding to take place, the groups must overcome an
excluded volume barrierW scaling as exp(W/kBT) ∼ sνθ2. The
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typical reaction timetr ∼ s3ν+νθ2τ0 for a long spacer can be quite
larger than the longest relaxation time of the spacer configu-
ration, ts ∼ s3ντ0, whereτ0 is the diffusion time of a monomer.
If the reaction is limited by reaction rate at contactQ,10 the
reaction time is inversely proportional to the probability for
reactants to be about one monomer size apart:

1. Osmotic Confinement.Some sort of confinement of a
labeled chain can be achieved in solution by other identical
chains screening excluded volume interactions. There however
the labeled chain only shrinks back at most to its Gaussian size.
This we term osmotic confinement. It has an interest in its own
as the polymers of the bath may be chemically different without
necessarily inducing the collpase of the labeled chain in a
common good solvent. It is also convenient to discuss it here
as a similar regime will appear under moderate geometric
confinement.

The solution of spectator chains in good solvents at density
c imposes an osmotic pressureΠ ) kBTc3ν/3ν-1. This sets a
correlation length for density fluctuations associated with the
contour lengthg. By definition, the subsection of sizeg
contributes an internal density of orderc; henceg ∼ c1/(1-3ν).

At large enough concentration, the internal section of contour
lengths (> g) turns into an ideal chain ofs/g swollen blobs of
massg. The self-diffusion time of a blob isτb ∼ g3ντ0 due to
the hydrodynamic interactions. The spacers are divided into (s/
g) blobs. The typical radius swept by the segment of contour
lengths is rs ∼ (s/g)1/2gν. Because hydrodynamic interactions
are screened at length scales larger than the blob size, the train
of s/g blobs experiences Rouse dynamics (free draining) at scales
larger than the blob size. The longest relaxation time of the
spacer ists ∼ (s/g)2τb. Thus,ts increases due to the screening
of hydrohynamic interactions with increasing concentration.

We can qualitatively think of the binding process as internal
binding ofblobs in a chain with a binding rateQb ∼ g-νθ2τb

-1

at blob contact.17 The extra factorgνθ2 arises from the excluded
volume barrier. For large enough concentration, this no longer
depends on spacer sizesand is mainly determined by the (much)
smaller concentration blob sizeg (see Appendix).

Depending on the value ofQb, we may define the two
regimes: blob-diffusion limited (BDL) and blob-reaction con-
trolled (BRC). As time goes on after a contact, the spacer spans
an increasing volumeg3ν(t/τb)3/4. Note that the explored volume
grows sublinearly with time; thus, the short time exploration is
dense. The average cumulative time in contact after timet
increases with time (t/τb)1/4τb for short times (t < ts) and
increases linearly fort > ts. Thus, the reaction probabilityP(t)
at time (t < ts) after the first blob contact isP(t) ∼ (t/τb)1/4g-

νθ2, which holds up tot ) ts where

If Qb is large ((s/g)1/2g-νθ2 > 1), the first blob contact ensures
binding. The reaction time is the first passage time of the binding
blobs at contact (BDL):tr ∼ ts ∼ (s/g)2τb. Otherwise, the spacer
relaxes its configuration at all scales, and several attempts are
required for the blob reaction. This results in the BRC reaction
time tr ∼ (s/g)2P-1τb ∼ (s/g)3/2gνθ2τb, reflecting the blob contact

probability andQb. The reaction time in the osmotic regime is
therefore summarized (in units ofτ0):

At low osmotic pressureΠ, for which g > s1/(1+2νθ2), the
reaction time decreases upon increasing the density astr ∝
g3ν+νθ2-3/2. However, at high osmotic pressure, the reaction time
increases upon increasing the density astr ∝ g3ν-2. This means
that the binding rate goes through a maximum at the cross over
from BRC to BDL. The binding kinetics are fastest at optimum
blob size:

The exponentsνθ2 may be approximated asνθ2 ) 0.479 (see
Table 1); thus, thes exponent for optimum is close to 1/2.

2. Geometrical Confinement.More explicit confinement can
be achieved by a geomtric constraint (e.g., Figure 1a-e). If a
chain of total lengthN is confined within a sphere of radiusR
< Nν, the local scaleg is fixed by the imposed monomer density

and decreases upon confinement. This sets the “critical” cavity
size

for strong confinement below which the spacer is reflected by
the boundary.

At moderate confinement (Figure 1a,d) where the cavity size
is still larger than the critical size for the spacer confinement
(R0 < R< Nν) the osmotic regime described previously applies.
There is an optimum confinement at crossover from BRC to
BDL when the blob size isgopt (eq 10), which corresponds to
the cavity size:

To find an optimum, the conditionRc > R0 should hold. The
spacer lengths should be short enough to satisfy the condition:
N > s3/2[-1/(2(1+2νθ2))]. The reaction timetr eq 9 can be written
in terms of the confinement cavity size using eq 11. In BRC
and BDL regimetr ∼ R2.5 and tr ∼ R-0.75, respectively. The
negative kinetic exponent in BDL regime (-0.75) indicates the
reaction is slower as the confinement cavity size is smaller.

In the strong confinement regime (R < R0) (Figure 1b,c),
the spacer is so long that it is reflected by the confining
boundary. For too short spacer all solvent can be (formally)
expelled before reaching the strong confinement regime for the
spacer. This imposes the physical constraintN < s3/2 for the
existence of the strong confinement regime for the spacer. The
longest relaxation time is set by the box sizeR as (R/gν)4τb.
Long spacers (N < s3/2[-1/(2(1+2νθ2))]) experience the strongly
confined BRC regime, and the reaction time istr ∼ (R/gν)3gνθ2τb.
The blob size can be still large (lowQb) even though the spacer
is reflected by the wall. The crossover to BDL occurs at

Table 1. Summary of σp and Internal Contact Exponents θ Obtained from Ref 5

σ1 σ2 σ3 σ4 σ5 σ6 σ8 σ10 σ12 σ14 σ20

0.0786 0 -0.2033 -0.4791 -0.8490 -1.2918 -2.377 -2.1355 -3.3522 -4.9302 -10.087

νθ νθ2, 2 νθ2, 4 νθ2, 6 νθ4, 4 νθ10, 10 νθ8, 12 νθ6, 14 νθ4, 16 νθ2, 18

0.4791 0.8127 1.085 1.419 5.816 4.3578 3.865 3.22 1.9277

tr ∼ Q-1s3ν+νθ2 (7)

P ∼ (s/g)1/2g-νθ2 (8)

tr ∼ {s3/2g3ν+νθ2-3/2, g > s1/(1+2νθ2) BRC

s3g3ν-2, g < s1/(1+2νθ2) BDL
(9)

gopt∼ s1/(1+2νθ2) (10)

N/R3∼ g1-3ν (11)

R0∼ s1/2gν-1/2∼ s3ν-1N1-2ν (12)

Rc ∼ N1/3s(3ν-1)/3(1+2νθ2) (13)
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and it is smaller thanR0. For smaller cavity size, BDL regime
applies and no optimum appears in strong confinement. The
binding rate become faster in both BRC and BDL regime with
increasing confinement.

We summarize the kinetic regimes in the lower panel of Figure
1. The reaction timetr vs the cavity sizeR in log-log scale (tr
∝ Râ) after eqs 11 and 9 (osmotic regime) and eq 15 (strong
confinement regime). The exponentâ (indicated as the slope)
is approximately 4.5, 1.75,-0.75, 2.5 for BDL and BRC in
strong confinement and BDL and BRC in osmotic regimes,
respectively.Ro separates osmotic and strong confinement
regimes, andRc separates blob reaction controlled (BRC) and
blob diffusion limited (BDL) regimes.

Langevin dynamics simulations of single bead-spring chains
separately (a) under the influence of a harmonic confining
potential and (b) geometrically confinged in spherical cavities
were performed to verify qualitative aspects of the reaction
kinetics. Simulation details are presented in Appendix B. For
various strengths of the confining potential,K (eq 1), as well
as for various sizes of cavitiesR, we measure the internal
cyclization time,tr, for chains of lengthN ) 102 with stickers
at positions 26 and 77 (s ) 50). We consider both ideal
(phantom) chains (no excluded volume interactions apart from
nearest neighbors along the contour) and excluded volume
chains. As these are Langevin dynamics simulations, Rouse
dynamics is expected to hold. In Figure 2a, we showtr vs K for
ideal chains. We observetr ∼ R4 (∼K-1) over an intermediate
domain ofK, as expected.

In Figure 2b, we showtr vs R for both ideal and excluded
volume chains as well as for an equivalent “ideal gas” of two
sticker particles with no bonds (but with a finite cutoff for the
sticker-sticker attractive interaction). For the ideal gas, we see
that tr ∼ R3 as expected for a trivial dependence on concentra-
tion. For the ideal chaintr saturates aboveR ) 10 where
confinement becomes irrelevant due to connectivity. BelowR
) 7, the spacer is reflected by box boundary, and the reaction
time tr scales withR as tr ∼ tbox ∼ R.4 As predicted in section
2.1, connectivity makes the curve steeper. At smaller cavity size,
the increased sensitivity is due to the long-range sticker-sticker
interaction: stickers attract each other at a distance of 4 (the
pair potential cutoff; see Appendix B). When the average
distance between stickers is comparable to the range of
attraction, the reaction becomes potential driven and thus
deterministic. This increases the sensitivity onR for the ideal
gas; these data establish that the ideal chain is more sensitive
to R than the ideal gas, which we attribute to connectivity rather
than to the attractive interaction alone. For the excluded volume
chains, we observe a mininumtr at aboutR ) 4, below which
tr increases severely with decreasingR due to increased
restriction of monomer mobility (monomers are effectively
frozen at this concentration.) AboveR ) 4, tr shows transitions
from a regime in whichtr ∼ R2 to tr ∼ R4 and again totr ∼ R2.
The steep changes at intermediate cavity size qualitatively agree
with the theory for long spacers.

Because hydrodynamics are not explicitly included, the
simulations do not reflect the most important aspect of the
theoretical predictions, namely the maximum reaction rate
between BRC and BDC regimes. Ongoing simulations are
underway to investigate this aspect, but they are enormously
expensive due to the need to include explicit solvent particles.

III. Multiple Binding

A. Formation of Higher Order Vertices. Internal cycliza-
tion, presented above, corresponds to the fusion of two 2-leg
vertices into a 4-leg vertex. In internal micellization, for exam-
ple, sticking groups assemble in clusters with higher order aggre-
gation numbers corresponding formally to higher order vertices19

(Figure 3a). Ap-leg vertex is governed by the vertex exponent
σp. For example, the contact exponentθ2 obeysνθ2 ) -σ4. Up
to very recently, little was known regarding the values of the
vertex exponents besidesε-expansions that only correctly
describe low-order vertices. In a very recent simulation, Grass-
berger5 measured partition functionsZp of polymer stars up to
80 arms. These results allow one to extractσp throughZp ∼
Nγp-1 with γp - 1 ) σp + pσ1. The obtained values ofσp are
displayed in Table 1 forp ranging from 1 to 20. There is fair
agreement between the simulation and values of the exponents
obtained after resummation of theε-expansion by von Ferber.20

For large number of armsp, the Daoud-Cotton limit21 should
apply, which predictsγp - 1 ∝ - p3/2. Taking numerical
estimates from Grassberger,5 the best fit to the higher order
vertices (up to 60 where the legs are still fairly large) gives the
prefactor 0.2:γp - 1 ) σp + pσ1≈ -0.2p3/2.

The Daoud and Cotton model is simple enough to allow for
a detailed study of a polymer star immersed in a semidilute
solution with a concentration blob sizeg (see Figure 3b). The
corona has locally the structure of a semidilute solution where
the blob sizeg(r) corresponds to the local blob size. Chains in
the corona are stretched at scales larger than the blob radius
ê(r). Each blob is spanned by one leg (at the scaling level).
Assuming that a finite fraction of the legs starts beyond the
distancer, the blob sizeê grows with the distance to the center

Rc
(s)∼ N(ν+νθ2)/(1+3νθ2) (14)

tr ∼ {R3(1+νθ2/(3ν-1)) N-νθ2/(3ν-1) ∼ R4.5, R > Rc
(s) BRC

R4-[3ν/(3ν-1)]Nν/(3ν-1) ∼ R1.75, R > Rc
(s) BDL

(15)

Figure 2. Results from Langevin dynamics simulations for chains of
lengthN ) 102 with two stickers separated by a spacer of lengths )
50 in the middle of the chain. (a) Reaction time vs confining potential
strength (eq 1) for an ideal chain. (b) Reaction time vs cavity radius
for geometrically confined excluded volume and ideal chains. Horizontal
line denotes saturation oftr, and arrows indicate the respective
unperturbed radii of gyration. Numbers labeling each line denote
scalings withR. In both (a) and (b), each point is an average of 1000
independent trajectories.
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asr/xp and saturates atê ∼ gν in the sea of blobs. In the sea
of blobs, the blob size is roughly constant and set tog by the
osmotic pressure. This happens for a distance from the center
r > bgνxp. Beyond this distance the arms are still stretched,
and we may consider the star as a molten star of blobs up to a
distancebgνp (for long enough chains) beyond which the
accumulated stretching energy per leg is less than the thermal
energy. The stretching energy of this region where foreign
monomers do not penetrate is dominated by the lower boundary
and amounts toxp per leg. The free energy of the star remains
hence dominated by the internal corona where the blob size is
not uniform:

wherero is size of the hydrophobic core andrm is the position
of the largest blob which is set up by concentration due to the
confinement. Ifrm . ro, then rm/ro ≈ gνxp, and eq 16 takes
the standard form if the (weak) vertex dependence corresponding
to arm stretching is dropped under the logarithm. The blob size
saturates at a smaller radius as the confinement cavity size
decreases. The total free energy of thep-arm star is∼p3/2 log-
(gνxp). Nonetheless, the outer layer of the molten blob legs
determines long-ranged interactions and may not be negligible
for short legs. It merely multiplies the argument of the log by
a constant of order unity. The excluded volume barrier for higher
order vertice fusionsp + p′ is thus expected to grow with vertex
order as 0.2((p + p′)3/2 log(gνxp+p′) - p3/2 log(gνxp) - p′3/2

log(gνxp′)).
For vertices of order less than about 20, the Daoud and Cotton

model cannot be expected to be accurate.5 Instead, we may
proceed as we did for internal cyclization. The fusion of two
higher order vertices of orderp andp′ follows rules similar to
internal cyclization, with the corresponding contact exponent
θp,p′ given byνθp,p′ ) -σp+p′ + σp + σp′.

As can also be seen from Table 1, the barriers (sνθ) against
fusion of higher order vertices in dilute solution can be quite

high even for moderate spacers. We thus expect intermediate
aggregates to be metastable. Under osmotic confinement the
barriers can be drastically reduced as they go with a high power
of concentration for high vertices. The discussion of BRC vs
BDL parallels that for internal cyclization. At low densities,
kinetics of the fusion is in BRC regime and the binding rateQb

reflects the energy barrier for cluster formation with higher order
vertices: Qb ∼ g-νθp,p′τb

-1. The optimum shifts to higher
densities for higher order vertices and can be obtained from eq
10 by replacingθ2 by θp,p′. The optimum can be reached for a
number of fusion with reasonable spacer sizes. As an example,
for fusion of a doublet (p ) 2) and an isolated sticker (p′ ) 1),
νθ2,1 ) 0.813 andgopt ∼ s0.381, whereas for two doubletsνθ2,

2 ) 1.419 andgopt ∼ s0.260. This formulation applies to vertices
of any order but does not directly allow one to discuss
corrections as the effect of the outer corona belonging to the
sea of blobs. At high densities, a number of fusions are governed
by blob diffusion and are thus independent of the vertex
exponents. The corresponding binding rates are essentially the
same in BDL regime. Confinement may thus partially destroy
the hierarchy of fusions that prevails for free chains with large
spacerss. As for internal cyclization the spacer size plays no
role under strong confinement where the spacer is reflected by
the boundary, and no optimum confinement is expected.

Figure 3. (a) Illustration of high order vertex formation. (b) Ap-arm
micelle under confinement. For large number of arms, the Daoud-
Cotton limit applies.r0 andrm stand for the size of hydrophobic core
and the radius, respectively. The blob size saturates atF > rm due to
the imposed boundary.

F/p ) ∫ro

rmdr
ê

) p1/2∫ro

rmdr
r

) p1/2 ln(1 +
rm

ro
) (16)

Figure 4. Langevin dynamics simulation results for internal micelli-
zation of a 10-sticker heteropolymer: One representative trajectory from
the R ) 9 data set. (a) Trace of sticker-sticker attractive potential
UBB. (b) Snapshots of the (i) open coil, (ii) two-core metastable
intermediate, and (iii) the final stable single-core micelle.
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Simulations also confirm the presence of barriers to the
formation of higher order vertices (again, details appear in
Appendix B). An example collapse trajectory of a 10-sticker
heteropolymer is depicted in Figure 4, for which the size of the
cavity isR ) 9. Figure 4a shows a trace of the attractive B-B
potential energy over a 4000τ trajectory. The appearance of
metastable intermediates is obvious from this plot. Snapshots
(Figure 4b) reveal the nature of the metastable intermediates:
the two-core intermediate is stable for many thousands ofτ in
this particular trajectory. The two-core metastable intermediate
is separated from the single-core stable ground state by an
energy barrier related to the higher order vertex exponent
introduced above.

We can obtain a qualitative understanding of the effect of
confinement on this barrier by asking how confinement alters
the lifetime of this metastable state. For eachR, we performed
a histogram analysis of the observed B-B potential energy.
Because each run was terminated at an arbitrary time after first
detecting the single-core state, the histograms represent raw
counts of how often a B-B energy in each bin was observed.
We show these raw histograms in Figure 5. From these data,
we can see that confinement significantly alters the metastable
lifetimes in the BRC regime: the smaller the confining cavity’s
radius, the larger the polymer concentration. Thus, the energy
barrier separating the two-core intermediate from the single-
core configuration is reduced, akin to the prediction of eq 16.
Further confinement brings the system into the BDL regime
where the energy barrier is irrelevant.

IV. Conclusions

Internal cyclization was shown to depend on confinement in
a rather complicated way depending on the quality of solvent
and the degree of confinement. In the simulation, Rouse
dynamics and excluded volume statistics are implemented which
leads to a monotonic decrease of the cyclization time upon
confinement. An intermediate regime is detected where the
variation of the reaction time is steepest, in agreement with
theory.

When hydrodynamic interactions are accounted for theoreti-
cally, a much richer behavior of the reaction time is predicted.
Several effects are competing upon confinement. At weak
confinement reduction of excluded volume fastens the reaction
(BRC). At somewhat stronger confinement (BDL, no spacer
reflection) screening of hydrodynamic interactions slows down
the kinetics. At strong confinement (spacer reflection), relaxation
times of long spacer modes saturate attbox (the relaxation time
of a strand spanning the box with Rouse/Zimm dynamics), and
the kinetics is accelerated again. For short spacers the reaction
time goes through a minimum at some optimal confinement
where the binding is fastest. The optimum is located at the

crossover from the blob reaction controlled to the blob diffusion
limited regimes at moderate confinement where the spacer is
not yet squeezed. For somewhat longer spacers, the minimum
turns into a local minimum, while a new local maximum appears
at the onset of spacer confinement. The binding is fastest at
maximum compression. For long spacers the crossover from
the blob reaction controlled to the blob diffusion limited regimes
falls in the strong confinement regime where the spacer is
squeezed and the reaction time monotically decreases upon
confinement. When hydrodynamics are accounted for in the
tricritical regime (close to theθ-point), binding kinetics is always
blob diffusion limited, and only the local maximum remains.

Similar results were obtained in the case of the formation of
higher order aggregates. The optimal confinement shifts to
higher densities for larger aggregates. For spacer lengths
between aggregatesgopt ∼ s0.381 for fusion of a doublet and a
singulet, whereas for two doubletsgopt ∼ s0.260 and for a
quadruplet and sextupletgopt ∼ s0.103, which corresponds to a
high polymer volume fraction for reasonable spacer length.
Beyond optimal confinement, and more generally in the Blob
diffusion limited regime, the reaction no longer depends on the
vertex degree. At a given confinement several low-order vertices
may form at very similar rates. In contrast, at low or no
confinement when barriers against fusion are relevant some
intermediate size metastable clusters are predicted and also found
in simulations (run with Rouse dynamics).

For our scaling analysis to apply, length scales should be
fairly separated. The radius of the spacer should hence be
markedly smaller than that of the whole chain. The optimal blob
size should be swollen. In the weak coupling limit for excluded
volume this requires a minimal blob size (10 monomers is
typical); in the strong coupling limit (relevant for most simula-
tions) small blobs are actually slightly overswollen and there is
no true lower blob size limit.
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Appendix A. Contact Exponents

Contact exponents were introduced by des Cloizeaux for the
contact probability between points of a single chain.4,6 The
contact probability that two extremities of a segment inside a
single chain are at a relative distancex is

where the scaleR is the swollen size of the segment.F(z) is a
universal function which depends on the location of the
considered segment along the chain.

The des Cloizeaux contact exponentθa distinguishes three
different pair types shown in Figure 6. By convention,a ) 0
corresponds to the two extremities of a chaina ) 1 to the contact
of one extremity inside the chain anda ) 2 to that of the internal
points. The larger exponent for the internal points is due to the
excluded volume effect.

Appendix B. Simulation Description

To characterize some aspects of the kinetics under confine-
ment, Langevin dynamics simulations were performed on linear

Figure 5. Lifetime distributions of two-core metastable states for
various confining cavity radii from Langevin dynamics simulations of
10-sticker chains.

Pa(x) ∼ (R)-dFa(x/R) (A1)

Fa(z) ∼ zθa (z f 0) a ) 0, 1, 2 (A2)
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heteropolymers in rigid spherical cavities. Two situations are
considered: internal binding in chains with two stickers and
internal aggregation chains with 10 stickers. In the first case,
we consider polymer chains of lengthN ) 102 with two stickers
(B-monomers) separated by spacer length 50. The sequence
structure of such a chain is expressed as A25BA50BA25, where
“B”-type monomers are attracted to each other under reaction
conditions. The second setup aims for the kinetics of higher
order vertices, and here we consider heteropolymers with the
sequence (A9B)10A9.

Reaction conditions are defined such that, upon contact, the
B-type monomers aggregate irreversibly, while members of
nonbonded A-A and A-B pairs repel one another equally.
Repulsive interactions are modeled using the Weeks-Chandler-
Andersen potential:22

B-B attractive interactions are modeled using the standard
Lennard-Jones potential,ULJ(r), with a well depthε of 10.0
and cutoff atr ) rc ) 4.0σ. A shift is added toULJ such that
ULJ(rc) ) 0:

A standard Lennard-Jones reduced unit system is adopted in
which the particle mass is unity (m) 1) and length is measured
in units of particle diameter,σ, and energy in units ofε. Time
is measured in units ofτ ) σxm/ε. This simple prescription is
similar to that used to drive phase separation in homopolymer
collapse simulations,23-25 and in simulations of polysoap
intramolecular micellization.19 Particles are connected to each
other along the backbone of a chain using via the FENE/WCA
potential with the standard valuesa ) 30.0ε andR0 ) 1.5σ:26

Simulations are conducted in the canonical ensemble by using
modified particle equations with Langevin-type random and
dissipative forces:26

where the friction coefficient,Γ, and the random force,W,
together satisfy a fluctuation-dissipation relation:

The particle equations of motion are integrated using the
velocity-Verlet algorithm,27 with a time step∆t of 0.01τ and
with a friction Γ ) 1.0.

We consider confinement via either a harmonic confining
potential as introduced in eq 1, represented by the constantK,
or by a geometrically confining spherical cavity of radiusR.
For harmonic confinement, each monomer is subject to the one-
body potential:

wherer is the distance from the origin. In the case of geometrical
confinement, the confining sphere walls interact with each
monomer through a repuslive 10-4 potential:

wherer is distance from the particle to the wall:

For each value of eitherK or R, 1000 independently realized
initial conditions are simulated, beginning from a relaxed open
coil. The procedure for a single collapse trajectory is as follows.
A run is initialized by first growing a single chain in a box as
a nonreversal random walk with a step lengthl ) 0.97. In the
case of geometrical confinement, the walk is confined within
the cavity (i.e., no monomer is allowed to venture a distance
more thanR from the origin). Any particle overlaps are removed
by performing a few thousand integration time steps with a
pairwise force cap that increases incrementally each time step
until it is no longer triggered. The chains are further relaxed
for 5000 more integration steps. At this instant, the quench into
selective solvent conditions is performed via instantaneously
“switching on” attraction in B-B pairs. This NVT MD integra-
tion is typically run until a predefined stopping condition is met.
For the two-sticker chains, we choose this condition to be when
the distance between the two B-type monomers is less than 1.5.
For 10-sticker chains, we terminate when all stickers belong to
one micellar core. All simulations were run on AMD Athlon
MP2200+ processors. All runs were performed atT ) 1.0.

References and Notes

(1) Wilemsky, G.; Fixman, M.J. Chem. Phys.1974, 60, 866.
(2) Doi, M. Chem. Phys.1975, 9, 455.
(3) de Gennes, P. G.J. Chem. Phys.1992, 76, 3316.
(4) Duplantier, B.J. Stat. Phys.1989, 54, 581.
(5) Hsu, H.-P.; Nadler, W.; Grassberger, P.Macromolecules2004, 37,

4658.
(6) des Cloizeaux, J.Phys. ReV. A 1974, 10, 1665.
(7) Chow, P. Y.; Gan, L. M.AdV. Polym. Sci.2005, 175, 257-298.
(8) Klimov, D. K.; Newfield, D.; Thirumalai, D.Proc. Natl. Acad. Sci.

U.S.A.2002, 99, 8019.
(9) Sliozberg, Y.; Abrams, C. F.Macromolecules2005, 38 5321.

(10) Friedman, B.; O’Shaughnessy, B.Macromolecules1993, 26, 4888;
Phys. ReV. A 1989, 40, 5950.

(11) Friedman, B.; O’Shaughnessy, B.Europhys. Lett.1993, 21, 779.
(12) Rubinstein, M.; Semenov, A. N.Macromolecules1998, 31, 1386.
(13) Baljon, A. R. C.Macromolecules1993, 26, 4339.
(14) Doi, M.; Edwards, S. F.The Theory of Polymer Dynamics; Clarendon

Press: Oxford, 1989.
(15) Here the largertbox is formally infinite.
(16) For the finite free chain the terminal relaxation is exponential and

determined by the longest Rouse time of the chain; this however sets
in close to saturation for a deviation as small ass/N.

Figure 6. des Cloizeaux’s contact exponent:θ0, θ1, andθ2 correspond
respectively to the contact of two extremities of a chain (a ) 0), to the
contact of one extremity inside the chain (a ) 1), and to that of the
internal points (a ) 2) (θ2 > θ1 > θ0). Configurations at contact have
statistical weight reduced by the factorsνθi (i ) 0, 1, 2) which reflects
the excluded volume barrier.

UWCA(r) ) {4ε[(σr )12
- (σr )6

+ 1
4] r < 21/6σ

0 r > 21/6σ
(B1)

ULJ(r) ) {4ε[(σr )12
- (σr )6

+ (σ
rc

)12
+(σ

rc
)6] r > rc

0 r > rc

(B2)

UFENE/WCA(r) ) UWCA(r) + UFENE(r)

UFENE(r) ) - a
2

R0
2 ln[1 - ( r

R0
)] (B3)

r1 ) F - Γr3 + W (B4)

〈W i(t)‚W j(t′)〉 ) 6δijδ(-t′)kBTΓ (B5)

UH(r) ) Kr2

2
(B6)

U10-4(r) ) {2πεwσw
2[25(σw

r )10

- (σw

r )4

+ 3
5] r < σw

0 r g σw

(B7)

r ≡ R - |r i| (B8)

3662 Abrams et al. Macromolecules, Vol. 39, No. 10, 2006

CDV



(17) If monomer/monomer binding is limited by the reaction rate at contact
Q, Qb is multiplied byQτ0.

(18) Lee, N.-K.; Abrams, C. F.; Johner, A.Europhys. Lett.2005, 72, 922.
(19) Lee, N.-K.; Abrams, C. F.J. Chem. Phys.2004, 121, 7484.
(20) von Ferber, Ch.; Holovatch, Yu.Condens. Matter Phys.2002, 5, 117.
(21) Daoud, M.; Cotton, J. P.J. Phys. (Paris)1982, 43, 531.
(22) Weeks, J. D.; Chandler, D.; Andersen, H. C.J. Chem. Phys.1971,

54, 5237.
(23) Chang, R.; Yethiraj, A.J. Chem. Phys.2001, 114, 7688.

(24) Abrams, C. F.; Lee, N.-K.; Obukhov, S.Europhys. Lett.2002, 59,
391.

(25) Polson, J. M.; Zuckermann, M. J.J. Chem. Phys.2002, 116, 7244.
(26) Kremer, K.; Grest, G. S.J. Chem. Phys.1990, 92, 5057.
(27) Swope, W. C.; Anderson, H. C.; Berens, P. H.; Wilson, K. R.J. Chem.

Phys.1982, 102, 2851.
(28) Abrams, C. F.; Kremer, K.J. Chem. Phys.2001, 115, 2776.

MA060044D

Macromolecules, Vol. 39, No. 10, 2006 Confined Polymer Chains3663

CDV


